Chapter 11

Compressible Flow




Introduction
e Compressible flow —variable density, and equation
of state Is important

e |deal gas equation of state—simple yet
representative of actual gases at pressures and
temperatures of interest

e Energy equation is important, due to the significant
variation of temperature.

11.1 Ideal gas relationship
P = pRT

For ideal gas, internal energy u=u(T)

constant pressure specific heat: ¢ =(—),=—
oT dT

T2
du=c,dT — u,—-u = L c, dT
1

-For moderate changes in temperature:
U, =t =C, (T, - Ty)




Enthalpy h=nh(T)

h=u+2=u(T)+RT = h(T)
Jo,

e oh
constant pressure specific heat: €, = (a—T)p =
1
dh=c,dT — h,—h = jTl c,dT
-For moderate changes in temperature
h2 - hl = Cp(TZ _Tl)
Since h=u+RT, dh=du+RdT
or
ah =du+R — Cc,—-C,=R
dT dT :
C
k=—" (014 forair) ..c _ Rk and ¢ __R

C P k=1 " k-1

(8




Entropy
1st Tds equation

Tds = du + pd(L/ p)

h=u+P o dh=du+ pd(l/ p)+—dp
P P
.'.TdS=dh—£dp ---2nd Tds equation
0
du dT R
ds = _I_—+—d(1/,0)— = (1/p)d(1/p)
T
:dTh_(l/T,O)dp:de _de
T p

For constant ¢, C, :

s, —s, = ¢ In12+RIn(2)
T, ,02

-
=C, In—=—RIn
= ( )

1
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For adiabatic and frictionless flow of any fluid o0
8
ds=0 or s,—s, =0 <« isentropic flow ° o

Comparison of isentropic and
|sothermal compression

orc, In( 2) + RIn(2L) =, In( 2) _RIn(22)=0 ,

-

T P2 T Py
P, ——x——————— ,
K Isentropic )
R ,~ process path,
In( 2)=RIn(22) — ( 2)k-1 = (£2) Pyt = const
k-1 T, % T % !
[sothermal
process path
k Pv = const
kR
n(2) - RIn¢ 2 )»( ) - ()¢ - |
1 1

k
Tovia _ (P p : :
s ()KL = (£2)k = ( 2) = —— =const, for isentropic flow
T P Py p" (11.25)
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11.2 Mach number and speed of sound oo
o
Ma = !, V --local flow velocity, c--speed of sound -
C o o

Sound generally consists of weak pressure pulses that

move through air.

Consider 1-D of infinitesimally thin weak pressure pulse
moving at the speed of sound through a fluid at rest.
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.
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(b)
Observer moving with control volume



-conservation of mass
PAC=(p+p)AlC—dV)
pPC = pC— poV +C§p—5pé’(/

PN =Cop

[J
p
V=

|
0 |

-linear momentum conservation
—CpCA+(C—0V)(p+p)(C—0V)A=pA-(p+op)A

w(p+0p)(c—0V)A= pcA

(continuity)

.. —CpCA+(c—0V)pcA=-5pA
—oV pAc=—0pA — poV =opl/c

" poV = Cop (continuity)
.’.C5p=@ —> 02:@ = C= _p
C op op

Isothermal
process path

/ Weak pressure pulse
71

|/Control volume
I P+ &p
p+ Op

ﬁ-
c - oV

AN

A

(b)

-—_—

Isentropic
,~ Process path

/




-Alternative derivation using conservation of energy
Instead of momentum equation

2
@Jr 5(VZJ —goz=0(loss) --from (5.103)
o,

o (loss) [J O for frictionless flow; and 6(z) U 0O

2 2
...5p+(c V)~ ¢ _0 p5V25_|O
yo, 2 2 C
or §—p—c5v
yo,
op ST
— —— = poV =cop (from continuity: poV = cop)
C
, OP

S.C

/5IO
=—=C¢= | —
op op




000
Assume the frictionless flow through the control E:'
volume Is adiabatic, then the flow Is isentropic. oo
In the limit op —dp — 0 o’e

c = \/( S—Ej (11.34)

- For isentropic flow of idea gas  p =cp"

op ) Jo P

- More generally, use bulk modulus of elasticity

Ev: dp =P a_p
do/p op ),
Lc=4E,/p

- For incompressible flow E, — o 5. C—>
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11.3 Category of compressible flow | se2c
N

- effect of compressibility on C_of a sphere eeoo
10 Ma:l/.Z_'w.O :1.5 e e

¥

4.5
0.9

1.1
0.8

1.0
0.7 0.9

Why C, increases with Ma?
Can you explain physically?

Slow compression  Rapid compression
2 3 4 5 6 7 8 9  (from S.R. Turns, Thermal-Fluid Sciences)
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- Imagine the emission of weak pressure pulses froma| $9¢
[

point source

r=(t—-t,..)C

where t — present time, t,_ . — time wave emitted

Wave amitted at ¢, =25
Wave emitted at ¢, =135
Wave emitted at ¢, =035

- stationary point source

W

Source location
atr=3s

Wave emitted at 7, =

2
Wave emitted at r . =135
0

J Wave emitted at 7, =

(Eh

- moving point source V< C



Zone of silence

Source location
atr=3s

Source location —" ~ _
ati=3s ™

< Mach cone

Wave emitted at 1

/<

Wave emitted at ¢
Wave emitted at r

Wave emitted at ¢

=2s

Wave

(Wave emitted at 1, . =15

Zape I;Wa\.re emitted at 7,,,, =0 s

wave

wave

wave

=2s
=1s
=0s

- source moving at V=c

- source moving at V>c



- Category of fluid flow

1. Incompressible flow Ma<0.3

unrestricted, linear symmetrical and instantaneous
pressure communication.

2. Compressible subsonic flow 0.3<Ma<1.0

unrestricted, but noticeably asymmetrical pressure
communication

3. Compressible supersonic flow Maz=1

formation of Mach wave, pressure communication
restricted to zone of action

4. transonic flow 0.9<Ma<1.2 (modern aircraft)

5. hypersonic flow Ma>5 (space shuttle)

Example 11.4 Mach cone




o000
Mach cone from a rifle bullet E;E:
from Gas Dynamics Lab, The Penn. State :‘ .‘
University, 2004 . (] :

(Can you estimate the airplane speed?)



11.4 Isentropic flow of an idea gas
- N0 heat transfer and frictionless g

11.4.1 Effect of variation In flow cross-section argaO.:

- conservation of mass
m = pAV =const.

- Conservation of momentum for a inviscid and steady flow

1 0]
dp+§pd(\/2)+y;f -0

o8y
NV
Since m=pAV =c¢, ..Inp+InA+InV =
differentiation — dp + dA+ av =0
o AV
L, WV _dp dA O, (11.44)

V. p A pv?



AT VE p VI p o dp oo
_dp V?
- oV ? 4= dp/dp) (11.45)
Since c= (@j and I\/Ia:!
op ), C
dp > dA
: 1-Ma“)=—
VE ( ) A (11.47)
dp dA 1 dVv
- = = (11.48)



diverging duct

Flow —

converging duct

\

Flow =

/

000
000
000
(Y X
o0
Subsonic flow Supersonic flow ® °
(Ma < 1) (Ma > 1) °
dA >0 dA > 0
dV <0 dV >0

dp dA 1 dVv

@ N2 Al-Ma? V
dA <O dA <O
dV >0 dV <0

(D)
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Combining (11.44) and (11.48): E:'
dp dA_dA 1 _ dp_dA Ma’ J

(11.49): For subsonic flow, density and area changes are in the
same direction; for supersonic flow, density and area
changes are in the opposite direction.

From (11.48): S—C = —5(1— Ma?)

When Ma =1 —s dA _ _0 — [TIheareaassociated with Ma=1is either

dVv a minimum or a maximum.
Flow e Flow -

Impossible
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0000
Therefore the sonic conduction Ma=1 can be obtained in EE:'.
a converging-diverging duct at the minimum area location. ecce
e O

For subsonic flow — converging diverging nozzle

-(___:.--

throat throat
subsonic | supersonic ! subsonic  WhEEE N

Converging-diverging nozzle Converging-diverging diffuser :

B A



What Is the physical reason that supersonic flow EEE:
develops in the diverging duct as long as sonic flow E:'.
IS reached at the throat? ’e

1.0

AP-induced flow

AP-driven flow »

Po

0.1 1.0 10.0
Ma

o

—_— 0.5_

0.0 1 1
0.1 1.0 10.0

Ma

Why can V only be accelerated to c in the converging duct,
no matter how low the back pressure P, IS?



11.4.2 Converging—Diverging Duct Flow §§

- For an isentropic flow

P Po

—- = constant = —-

P Po
- streamwise equation of motion for steady, frictionless flow

2
dp +d(V—) 0, ydz neglected
Yo,

1/k
Po dp +d(V—)=O (pk &—)P pllk/(p/klpoj
o 2 P Po




-For an idea gas

&:RTO’ BZRT oo

Po P ¢ o
kR V? V? kR

So—| 1, -T]-——=0o0rc (T,-T)——=0 (.c,=——
k_lrro ] ; o (To=T) ; (¢, k_1)

2
= h,—(h +V7) =0  where h, is the stagnation enthalpy

2
kRT, _kRT +V (RT, = kKRT + EVZ
k-1 k-1 2 2

R 2 N
oy k-1 V :1+—k L M@’ (kRT =c?)
T 2 kRT 2
T 1
T, 1+[(k-1)/2]Ma’ (11.56)




with 2 = RT
/) 1
T =
P L ( - i‘k’:&:(&)k)
P o T P Py PP
1 k-1 k
i(p)_?:l N (iT_L — i;(i)ﬂ
pO pO -TO pO Tb 0 Tb
Pl g

" pe 1+[(k-1)/2]Ma?

1 . using isentropic relation
]k—l

!
po 1+[(k-D/2Ma’

T 1
T, 1+[(k-1)/2]Ma?

(11.59)

(11.60)

(11.56)



s

by 1+[(k—1)/2]Ma’

1

!
1+[(k —1)/2]Ma?

£o

T 1
T, 1+[(k-1)/2]Ma?

Figure D1 (p. 718)

Isentropic flow of an ideal gas with
k=1.4.




Po

\

P

VZ
CpTO — CpT +7

Figure 11.7
The (T — s) diagram relating
stagnation and static states.

Figure 11.8

The T — s diagram for Venturi
meter flow.



[
-Any further decrease of the back pressure will not E
effect the flow in the converging portion of the duct.

-At Ma=1 the information about pressure can not move|
upstream

-Consider the choked flow where at the throat Ma=1,
the state Is called critical state

_—

—

P | Ma =1, critical state (choked flow)

subsoinc

supersoinc




Critical State:

Set Ma=1 in (11.56), (11.59), (11.60)

* k
Pt
P, k +1

For k=1.4

(p—) _ 0.528
Po k=1.4

Pis =0.528p,,

*

T, k+1

0

*

ppT(
Lo T Py

)ﬁ(@>
—

-

r_2 (T_j _0.833 or T.",, = 0.833T, = 0.833T,,_
k=1.4

2 v
(m) —>(



Example 11.5
Standard Converging duct Receiver pipe
atmosphy pd
Flow == %—»
-

(@) HFIGL
Critical pressure p* = 0.528p,=53.3 kPa
(@) p, > p* .".the throat is not choked
p 80 1 ‘

o0
o0
o0
S
p, =101 kPa
P, =1.23 kg/m® o
T, =288 K

Find = (a)80 kPa, (b)40 kPa.

== o -1 — Ma,, =0.587

p, 101 "1+[(k-1)/2]Ma

1
P Lt p=123kg/m* = p=104kg/m’

0, 1+[(k-1)/2]Ma
T 1

T, 1+[(k-1)/2]Ma?
V =Ma*+vkRT =V =193 m/s
m = pVA =0.0201 kg/s

=T =269K



T, K

(b) p,=40 kPa < p*=53.3 the flow is choked at the throat Ma = 1
P _| = ]ﬁ = p=0.634p, =0.78 kg/m*
Py 1+[(k-1)/2]Ma’ :

T 1
= > =T =240K
T, 1+[(k-1)/2]Ma
V = Ma*VkRT =V =310m/s
m = pVA=0.0242 kg/s
500 po = 101 kPa (abs) 500 Po = 101 kPa (abs)
290 / T,= 288 K 290 / To = 288 K
280 / Pth, « = 80 kPa (abs) 280
270 \Sltuatlon Ty, o = 269 K § 270
260 - 260
250 P, » = 53.3 kPa (abs) = 250 p*=53.3 kPa (abs)
240 ( Ty, » = 240 K 240 / T* = 240 K
230 / Situation (b) 230 \\\\ Pre < P*
\“‘/ T, <T*
220 ] 220 < ]

R

" kg - K) ' (kg - K)
(b) ©)




Figure D1 (p. 718)

Isentropic flow of an ideal gas with
k =1.4. (Graph provided by Dr.
Bruce A. Reichert.)

||U
Po

p
Po

0.1 0.5 1.0 5.0 10.0
1.0 g 10.0
0.9 9.0
0.8 8.0
0.7 7.0
0.6 6.0

A

S —

At
0.5 5.0
0.4 4.0
0.3 3.0
0.2 2.0
0.1 1.0
0.0 0.0

0.1 05 1.0 5.0 10.0

Ma

—



XX

Ratio A/A* ool
N A p VvV’ °
pAV =p AV" or " = oV e

with V' =+vkRT™ and V = MavkRT

A p° JKRT 1 p° [T7IT,
—> — = =

A" p JkRTMa Ma p, \ T/T,

1,2 k +1 2/k +1 =

= Ma 'k +1)k i Ma ]k 1[1/1+[(k—1)/2]Ma2

— 'A"k: 1 [1+[(k—1)/2]Ma2]2(k+_1) 2.0
A Ma 1+[(k-1)/2]

Figure 11.10 (p. 639)

The variation of area ratio with Mach

number for isentropic flow of an ideal
gas (k = 1.4, linear coordinate scales).




Example 11.8 Air entering subsonically at standard
atmospheric condition, A=0.1+x?
0.4
1 2 1 _
L e et e e
T T - 01

0
For the flow to be chocked 0.5-04 02 \'Om 0.2 04 0.5

At throat, x=0— A =0.1

A 0.1+Xx° _ T
- = . using (11.71) =Ma =,
A 01 po TO
3.0 d
Supersonic
2.0
Ma
1.0
Subsonic Subsonic
&t -0.5-0.4 -0.1 0 0.2 04 Q5 C




1.0 C
0.9 .
0.8 | A Subsonic 0_98
0-7 Ll s3>, Subsonic
0:6 Subsonic . TiTy
0.5 r
Pl
0.4 b Supersonic
0.3
0.2 {
0.1 Supersonic d
%% 04 0.2 0 0.2 02 050.04
X, M
po= 101 kPa (abs) p,=p,.= 99 kPa (abs)
310 \\ a
290 ___0 ..___._I_ﬂ ___2_§._8...K . e b
,,,,, 8 e 285K |
270 " Py =54 kPa (abs)
250 7,539 K
230 . . e —
« 210 f— —
B~ [ Bi= ] MOS— N S—— =
1?0 || — L e iz =t
O T, < akPatabs)
130 LIS Ml s i P . |
— T = _1_1_2 LS. |
110 T
90
J
" (kg « K)

From  From From Fig. D.1
Eq. 3, Eq.S5,

x (m) r (m) AJA* Ma T/Ty p/po State
Subsonic Solution
—0.5 0.334 3.5 0.17 0.99 0.98 a
—04 0.288 2.6 0.23 0.99 0.97
—0.3 0.246 1.9 0.32 0.98 0.93
—0.2 0.211 1.4 0.47 0.96 0.86
—0.1 0.187 1.1 0.69 0.91 0.73

0 0.178 1 1.00 0.83 0.53 b
+0.1 0.187 1.1 0.69 0.91 0.73
+0.2 0.211 1.4 0.47 0.96 0.86
+0.3 0.246 1.9 0.32 0.98 0.93
+0.4 0.288 2.6 0.23 0.99 0.97
+0.5 0.344 3.5 0.17 0.99 0.98 c
Supersonic Solution
+0.1 0.187 1.1 1.37 0.73 0.33
+0.2 0.211 1.4 1.76 0.62 0.18
+0.3 0.246 1.9 2.14 0.52 0.10
+0.4 0.288 2.6 248 0.45 0.06
+0.5 0.334 3.5 2.80 0.39 0.04 d

of Ma after A/A* values of about 10. The ratio of p/p,
becomes vanishingly small suggesting a practical limit to the
expansion.



Example 11.9 Air entering supersonically at standard
atmospheric condition, A=0.1+x2

For the flow to be chocked

At throat, x=0— A =0.1

2
AL=O'1+X, using (11.71) =Ma =, T
A 01 po TO
0.4

Efj\ =T

0.1

0.5-0.4 -0.2 0 0.2 0.4 0.5




3.0 000
d 0000
. Supersonic : :::.
' Supersonic [ X ) o
2.0 eco0e
X ]
Ma o o
1.0
Subsonic
0 C
a Z05-04 -0.2 0 0.2 0.4 05
X, m
Po = 101 kPa {abs} p{; 99 kPa (abs)
0.9 | Subsomcf_\k: - 0.98 290 O/ =288 K il
0.8 .: ~~Subsonic 270 .___A,Z/ = T_-_A 286 K |
0.7 TITG ' 250 b— ~ P{’___54 kPa EEIhS:I
. / -
T S [ ' I, = 240 k
L 06 upersonic Supersonic 230 ___7/__'5‘“__.:___________'
0.5 / v 210 = ————
> af B = S| AR T
po 0.4 190 ]
0.3 ke B sl
0.2 SUpEFSUniC 150 | e ] —
' p.=p 4 kPa (abs}
& i
0.1 d 130 ———-—-------—---;/ .|
0.0 ; f1oL= S T =T,= 112K e |
~0.5-0.4 -0.2 0 0.2 0.4 0.5 0.04 <
X, m 90 p



Example 11.10 Ma=0.48 at throat, A=0.1+x2

The Ma at throat is 0.48
T A 6

o
N X J

)

Ma=048="-

po TO ) A* Ma Su bsoWbSDnic

0
A*:O;lzm — A =007 A R
A A

Po=

0 0.2 0.4 0.5
X, m

1Q1 kPa (abs)

296

09 e i e g EAE o

p,=p, =100 kPa (abs)

0.8 | subsonic T, Subsonic pipg 288 y a, C T,=7,=285K _
’ 0.7 b e e
0.5 > n, = 86 kPa (abs)
p B 2?6 i —— _...7,5...{_{_’._.._.__ e
. 0.4 T; =26 K
Py / b b
D.B 2?2 WRIPSREEING ARSI CIp—— PP SFSII—— — _—
0_2 268 e e e e e —— s - B — - v
D- ]. 264 e S e
0.0
-0.56-0.4 -0.2 0 0.2 0.4 0.5 260 y

> kg - K)



| |
0 1.0
Ma

subsonic-subsonic

¢ L2 0 1.0
Ma '

subsonic-supersonic(choked) subersonic-sunersonic(choked)

0 1.0 0 1.0
Supersonic-sub¥$onic (choked) Supersonic-supersonic (not-choked)



1. For a given (T,, py), k and converging-diverging duct geometry,
Infinite number of isentropic subsonic to subsonic (not choked)
and isentropic supersonic to supersonic (not choked) flow

solutions exist.
2. For choked condition, the flow solutions are each unique.

~~—
: %

|
|
|
1
-0.5 0 +0.5 -0.5 0 +0.5

X, M X, m
(a) (c)
|
, |
I |
|
_A/\ Pir
—— | ee——
1
5 -0.5 0 +0.5

P.. = P, OF p.. < P, isentropic flow is possible
P < Pee < Py » ISENtropic flow is not possible




P

— Non-isentropic choked flow

V11.5 Rocket engine start-up

V11.6 Supersonic nozzle flow

Pm overexpanded
~ |
~
3 P underexpanded

Obligue shock wave (3-D)

\

isentropic isentroJic

Entropy generation
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From Zucrow and Hoffman,
Nozzle axis, in. Gas DynamICS

Figure 4.25. Effect of back pressure on the pressure along the axis of a De Laval
nozzle (reproduced from Reference 8).



11.4.3 Constant Area Duct Flow s

e [or constant area isentropic duct flow, the flow velocity,” |
thus the fluid enthalpy and temperature are constant.

\__ Constant area duct

\_+ \\\
po : Fluid flow == pb
/""" /I

11.5 Nonisentropic flow of an ideal gas

e Fanno flow — adiabatic flow with friction.

e Rayleigh flow — constant area duct flow with heat
transfer but without friction



11.5.1 Adiabatic constant area duct flow EE
with friction (Fanno flow) eecoe

e Consider steady 1-D ideal gas constant area duct flow " ¢°g
with friction Insulated wall
N

e

Adiabatic flow —

Continuity: m= pVA =const = pV = const
Energy equation'

2

m[hz—h1+V +9(2,—7)] = Q+W

V2
+—-=hy, h-h=c,(T-T,)

V? -
T+-—=T, = const (stagnation temp.= const)

p

o TP g DT 5 where v —const  (11.75)



Eqg. 11.75 allows us to calculate T for p in the Fanno flow.

Tds equation (2" law):

Tds = dh— (2)dp

yo,
ds = pd—T—de
T p
S,—$,=C, InT——RIn i
T By
S—§, =C, Inl—RIn£ (11.76)
T, By

/Fanno line

Constant entropy line

p,, T,, s, are considered reference values from the entrance.

From (11.75) and (11.76), the Fanno line for variation of p-T-s

can be obtained.

Ex 11.11



Example 11.11 Compressible Flow with :
Friction (Fanno Flow) .o

e Air (k=1.4) enters [section (1)] an insulated, constant cross-sectional
area duct with the following properties:

T,=284K
T,=286K
p;=99kPa(abs)

For Fanno flow, determine corresponding value of fluid temperature and

entropy change for various values of downstream pressures and plot the
related Fanno line.



Example 11.11

To plot the Fanno line we use Eqg. (75) and (76)

242
T+ (pV)ZT —=Tp=constant ~ (11.11.1)
2cp(p~/R%)
.
s—slch,In——RInE (11.11.2)
T, Py

k=14 R=286.91/kg-K

FromEq. (14) ¢ - "X _ 10043 /kg-K (11.11.3)

P

(2)+(69) | 4 PV = Ma\/RTk oV, pl Mai,/RT (11.11.4)



Example 11.11
T, _ 286K _0.993 T 1
T, 288K To 1+kiMa?

From Eq. (56) Ma, = \/(0;93 —1)/ 0.02=0.2

JRTK =...=339m/s

3
(2896 /kg - K)(286K)

For p= 48 kPa

(11-11-1).14 T+ PT 288K =T =2787K
2¢,(p°/R7)
(11-11-2)1) S—S, =C, In%— RIn>—..—1817J I(kg- K)
1 Py



Example 11.11

For p=48kPa T=278.7K s-5,=181.7J/(kg * K)
For p=41kPa T=275.6K s-5,=215.7J/(kg * K)
For p=34kPa T=270.6K s-3,=251.0J/(kg * K)

300
275 1 [

250 |
b ol

|

225 |
200 | ,z”' i

0 185 215 245 275 305 335

§ = "s] J."l{ kgK}




Analysis of Fanno line -
o0
Tds equation ®
[
TdSzdh—d—pzdh—RTd—p e
P P
For an ideal gas,
Tds:cPdT—RTd—p > dh=c.dT;
P o
3 dp dp dT
:cPdT—RT(dp+dT) P=pRT or 0 p T
o T
Continuity: \ =const, or dp:—dv
ontinuity: P , e Vv
—>Tds:CPdT—RT(d—p+d—T :cPdT—RT(—d—V+d—T)
p T vV T
%E:C_P_R(_id_v_ki)
dT T Vdar T
2
Energy eq.: T+V—=TO=COHSt—> dT:_Vd_V:d_V:_C_P
2C C dT Vv

P P
ds ¢, _,C 1
) R

ar ot RGEt) (11.82)




X X )
For B0 5 S _pete il R—c —RT-2 el
or —=0 > 2= —+— —c,-R=c, =
dT T V2 v2 o’
o0
V = f(c, /c,)RT, = JkRT, ° e

So, the Mach number at state a is 1. .

j—i<0 V < JKRT, — subsonic

E>O V > /KRT, — supersonic

dT

/ subsonic
/Fanno line

Constant entropy line

supersonic

Since T, Is constant on the Fanno line, the temperature at

point a is the critical temperature T*.



-2nd law ds>0

(a)

subsonic flow
(acceleration)

(b)

supersonic flow

(deceleration)

Normal shock



Summary of Fanno flow
behavior

m TABLE 11.1

Summary of Fanno Flow Behavior

Flow
Parameter Subsonic Flow Supersonic Flow
Stagnation temperature Constant Constant
Ma Increases Decreases
(maximum is 1) (minimum is 1)
Pressure Decreases Increases
Temperature Decreases Increases

Friction drags acceleration by pressure drop  Friction helps deceleration by pressure rise



000
-To quantify the Fanno flow behavior, we need to combine | ge¢
relationship that represents the linear momentum law with the| $ °
set of equations already derived. oo
o o
A — P A, —Ry =m(V, - V)
R .
— Py pz_fxzpv(vz V1), (- A=A =A and m=pAV =C)

-Therefore, for the semi-infinitesimal control volumes

r,7Ddx Section (1) Section (2)
—dp - A pVvdV — -
Control volume
8 DZ Flow === If}lAl_»': :“4— PoAy
with f = \T/WZ,A:”4 g IR,
2 (a)
V %dx
—> dp - fP 2D = ,OVdV Semi-infinitesimal control volume
N
| |
or %+ipV2%+£d(\/2) _(Q Flow=—> [T) ;JA—P-:ii—(p+5p)A
|

p p 2 D p 2 l |1, D 6x

~ff—

ﬂ‘ ‘ﬁ ox

(b)



-
2
dp fpVidx, pd(vY)_, (11.88) | o
p p 2 D p 2 .:'
After some derivation, (11.88) becomes o o

1(1+k|v|a)d(v) d(Ma?) | Tk a2 X

V? MaZ | 2 D
or (1- Ma?®)d(Ma?) _ g dx
(1+[(k-1)/2]Ma*}kMa® D (11.96)

-Integrate to the critical state

JMa*:l (1— Ma?)d (Ma?) f f
Ma [1+[(k—1)/2]Ma kI\/Ia ‘

(1—|V|a) k+1, [(k +1)/2]Ma? _f(f*—f)
Ma* 2k 1+[(k 1)/2]Ma?

L
k



-Note that the critical state does not have to exist,
since for any two section in the Fanno flow,

* *
Flem—v,) f(ex-r)) L o)
— 1 2 )
D D D
Frictionless and adiabatic
Reference converging—diverging duct Section Section

Flow m—— D = constant

F N |

- €2 -

section / (1) (2)

N N

- €4 - Actual duct with Imagined duct
friction factor = f friction factor = f

Imagined
choked flow
section

el ‘e*

(a)

-Other fluid properties in the Fanno flow can also be derived,

as summarized below.



Summary of Property Relations for Fanno Flow -
Note: These equations correlate ratio of properties associated =C
with different positions (a certain position and the choke position), o
between which friction loss exists. e
1(1-Ma?) ki1 [ [k+p/2Maz | f(0-¢) ° o
M 7 T fn 2 |~ (11.98)
k Ma 2k 1+[(k-1)/2]Ma D
T (k+1)/2
* 14 [(k-1)/2]Ma?’ (11.101)

T
r Note: For p/p,, p*/py*, T/T,
v _ [(k +1)/2]Ma’ 72 at the same position,
\/* 1+[(k —1)/2]|\/|a2 ’ isentropic relations in terms (11-103)
P
*

of Ma or Fig. D1 can be used.

Y -1
- *j , (11.105)

P
7
p p T 1 (k+1)/2
p* o T al1+[(k-1)/2]Ma* |

same posnlon\i( different positions ey

% Jelpler) 1 KKZJ(HW _1)/2]Ma’ )T(“) (11.109)

(11.107)




Note: These curves
correlate ratio of
properties associated with
different positions (a
certain position and the
choke position), between
which friction loss exists.

Figure D2 (p. 719)

Fanno flow of an ideal gas with
k=1.4.

0.1

0.5

1.0

5.0

5.0

4.0

2.0

Vv
Vv

4.0

3.0

2.0

1.0
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0000
Example 11.12 Choked Fanno flow olelals
. 00
Given p, =101 kPa, T, =288 K e0coe
® ®
. ] o0
What is the maximum flow rate at the duct? L
po = 101 kPa (abs) * Fol= ro2 =
Frictionless and Adiabatic duct with friction 290 _ 101 kPa (abs) < 84 kPa (abs)
adiabatic nozzle factor f= 0.02 ~T,=288K
Qﬁii’ // Control volume 280 P =
/ 77 kPa (abs)
——————————————————————— 270
> :A/Section (1) |[D=0.1m Section (2) —a! < 1 ~.._T1 = 268 K
Y === == ¥ —— — ~ 260 So
(/f]= {=2m . - ;>~\
| = ! 550 Fanno line ~ Py =
Stardard e i M 45 kPa (abs)
tandard atmospheric air -
T, = 288K 240 —/l4' o= T, = 240K
(a) 230

0

10 20 30 40 50

S— 54, J
I (kg+K)

(b)




000
-For maximum flow rate, the flow must be choked at the exit. | oo
o
fl-ey)_ f(e,—0,) _002x2_ <
D D 0.1 | o o
Fig. D2 — Ma, =0.63 — Ta S Vl* _066, Pr-17, Poua_q15
T Vv p Po
Fig. D1 with Ma, =0.63— 11-093 - -076, 2083
_ L To Pos Poa
Since T,=C=288 K Or, perhaps more logical,
L 2 _08333=T =T,(0.8333)=240 =T, Ty =0.93xT, =0.95x 288
T, k+1 =268 K
V' =+RTk =310m/s (<V,) > V,=0.66 V" =205m/s V,= Ma, x /kRT,
Pos = Pos RT,; =1.23—> p, =0.83p,, =1.02 kg/m® |~ 26673X/J1'4X386'9X 268
’ ’ ’ ’ = m/Ss

m = pV,;A=1.65kg/s
—, With friction, use Fig. D2

1 . 1
D, %% Py =75 X0.76x101=45kPa Py = P, = Py, X7 = =B7kPa




Example 11.13 Effect of duct length on choked Fanno flow EE:
o
«—— P, = 45kPa o
o0
) Im " °°
If the flow is choked.
f(0 —¢
(£=4) 0021 _ 02, Fig.D2 —Ma, =0.7, P15 1 _073
D 0.1 D V
Fig. D1 with Ma, =0.70 > =072, A =079
. Po Lo
\ 1
0, =p =P P — % .072x101=485kPa (> p, = 45kPa)
P1 Po1 15

P, =0.79p,,, V, =0.73V"
— M= p,AV, =1.73 kg/s
-For the same upstream stagnation state and downstream pressure,

¢T> md or when 7 is fixed: f T>m

Example 11.14 Unchoked Fanno flow



11.5.2 Frictionless constant-area duct flow with heat 00
transfer (Rayleigh flow) S
o0
Frictionless and adiabatic Semi-infinitesimal Frictionless duct with o o
converging—diverging duct control volume / heat transfer C X )
j// i T Section (1)\:___________'] Section (2) ¢ e
Flow = : : D=ccinstant | cont::)IIn\IE:‘Iume :‘/
/N L L |
O (frictionless flow)
Momentum: pA +mV, = p,A +mV, +B§
2 2
( oV ) ( oV ) RT
or P+ =const - p+ = const —(11.111)
P P
pV°
P,=P+ # const, although there is no friction, why?|

e, = 3]

Continuity: pV =C

Tds eq.: S—§ = cpénl— Rén£ —(11.76)
T Py

Egs. (11.111) and (11.76) can be used to

construct a Rayleigh line with reference

|
|
|
|
I
|
|
I
¢

conditions.



Example 11.15 Construction of a Rayleigh line for various coe
downstream p, (or T,), with entrance conditions T,, T, p; oco
| X J
GivenT,, T,, p,,— oy, V, and pV =C can be calculated. ® e
) o
-Assume p, (or T,), then from (11.111) T, (or p,) can be obtained.

-From (11.76), s, can be obtained. e

P T X AY|
( oV )2 RT kPa (abs) (K) [J/(kg - K)]

P+ = const (11.111) 93 - 645

P 36 807 1082

T P 79 1028 1349

s—s,=C,/n—-Rin—  (11.76) 72 1199 1530

T, B 62 1356 1697

55 1404 1766

1500 32 1409 786

e 1409 1789

1200 48 1400 1802

43 1366 1809

g 20 41 1346 1808

~ 600 38 1306 1800

34 1240 1799

300 31 1179 1755

28 1109 1723

i 0 500 lbO[-] 1500 2000 14 656 1395

s — 8y, WkgK)

974

o i 1=



Discussion on the Rayleigh line

-At point a on the Rayleigh line, 3—_? =0
-After some derivation, we have

ds ¢, V 1
= + —
dT T T[(T/V)-(V/R)]

For — =0,
d

ds €, V 1

dT T T[(T/V)-(V/R)]

k_R(I_! V=0

k-1

kRT  kv? (k—1)v2

k 1 k-1 k-1
> =kRT

(11.115)

KRT, = Ma, =1



Derivation of ds/dT

d dVv °
d—P: -VaVv =
P L # v
| | P =pRT
Since Tds equation dé\ 4 JT
o R
Tds = dh— 2P LT
p p\ p
— ¢ dT +VdV _pYadv _ dv dT
or oRT V T
ds C, VdVv V 1 1dT

dT T T dT RT V TadVv
c, V1 T V dT

" T T(TIV-VIR) vV R _dv




At point b, dT /ds=0

ds_Cp+V 1

dT T T[T/V)-(V/R)]
aT 1 1
dS_E_Cp V 1

S (WADRZL)

c, V 1

+ — 0

T T[(T/V)—(V/R)]

T V .
S.—=—=>V"=RT =V =+RT
V R
v Ve _VRT _[1

" ¢ JkRT Vk

- At point b, the flow is subsonic since k>1.




- Now, consider the energy equation,

m{hz—h1+ 2_1+9(/ } e+ Wi ot

kR e O
dh+VdV =35q, dh=c,dT = = dT

c,dT +VdV = &q

dT VdV _0q
T cT cT

dvivdr v | sq
Tdv kRT/(k-1)| c,T

k-1)v2 ] !
Sv_sq\vdr (k1) _99 !(I_¥j+(k—1)|\/|a2
V ¢ T|TdV  KRT c,TIT\WV R

oq _ﬁ _1_ﬁ _ 2 _ 2t
CT{l (k- 1)Ma} _CT[l kMa® +(k —1) Ma® |

1
T Emﬂ (11.121)



B TABLE 11.2 §§§:
Summary of Rayleigh Flow Characteristics |
] I

. . i)

Heating Cooling i

Ma < 1 Acceleration Deceleration
Ma > 1 Deceleration Acceleration

T

(a) (b) (c)



[
Derivation for Property Relations for Rayleigh Flow E

-linear momentum °
[ X )

2 2 .
P+ pV°=p,+p.V, where a is the reference state] © ¢

or

2
P LAY 44 Pay 2
pa pa pa

" KV

&Vazz Pa V2 =—2 =Kk, sinceV, = /kRT,
o 0. RT KRT

2
P, P :1+&Va2 =1+Kk

P. P Pa
2
p[upv j:1+k, where V = Ma<vkRT
P, p
P 1+k

p, 1+kMa’ (11.123)



000
V T T T T
Po_ ¥ _Ma|—=— =P Ma|— ° Y
p Va Ta a pa Ta o
o0
, , o O
1+ k)Ma
T_pp T (Pl | )2 P LK
Ta P, P Ta Pa 1+kMa P, 1+ kMa2
P,V T (1+k)Ma
Fa_ —Ma |—=M
p VvV ‘ T, a{ 1+ kMa? (11.129)
- Due to heat transfer, T, varies
T, T, T T,
TO,a B T Ta TO,a
1+k
~[1+[(k-1)/2]Ma?] (1 )Mza L
1+ kMa 1+(k-1)/2
2(k +1)Ma?® (1+[(k 1)/ 2]Ma’)
- (11.131)

1+ |<|\/|a2]2



Summary of Property Relations for Rayleigh Flow

p  1+Kk e
P, 1+kMa’ (11.123)
T | (1+k)Ma 2

T, [ 1+kma’ (11.128)
p. vV (1+k)Ma

p V —Ma{ 1+kMa* (11.129)

P, PP P, (1K) (Zj ) N(E
Poa P Pa Do, _(1+kMa2){ k+1 (1+[(k b/2]Ma )} (11.133)

T T,7 T, 2(k+tl)Ma’(1+[(k-1)/2]Ma?)
TO,a ) T Ta TO,a i |:1-|— kMa2:|2 (11131)




Figure D3 (p. 720)
Rayleigh flow of an idea gas with
k =1.4. (Graph provided by Dr.
Bruce A. Reichert.)




Effect of Ma and Heating/Cooling for Rayleigh Flow | ee

(Example 11.16) °:
O
a
Heating Cooling
Subsonic Supersonic Subsonic Supersonic
vV Increase Decrease Decrease Increase
Ma  Increase Decrease Decrease Increase
T Increase for Increase Decrease for Decrease
0=Ma= 0=Ma=<
V1/k V1/k
Decrease for Increase for
V1/k = Ma V1/k = Ma
=1 =1
T, Increase Increase Decrease Decrease
p Decrease Increase Increase Decrease
Do Decrease Decrease Increase Increase

Note: p, is not constant, although frictionless



11.5.3 Normal Shock Waves eseo
-Normal shock waves involves: E:'..

* deceleration from supersonic to subsonic (from Cengel and Cimbala,

°a p_ressure Nse Fluid Mechanics, 2006)
« an increase of entropy

FIGURE 12-30
Schlieren image of a normal shock
in a Laval nozzle. The Mach number

F1c. 5.20. Metaphorical shock propa- IN the nozzle just upstream (to the

V11.6 Supersonic nozzle  gating into a flowing medium which has |eff) ofthe shock wave is about 1.3.
been suddenly brought torest. (Reprinted

flow courtesy R. Courant and K. O. Friedrichs, Boundary layers distort the shape of
Supersonic Flow and Shock Waves, Inter- the normal shock near the walls and

science Publishers, New York, copyright :
: N lead to flow separation beneath the
V11.7 Blast waves i <hock P




Derivation for Normal Shock Waves EE:
e Infinitesimal thin control volume surrounding the e’ e
shock wave: friction and heat transfer negligible, A=C oo
e O
—continuity:  pV =const

—linear momentum ( friction negligible ) .—same as Rayleigh line
(pV) RT

P+ pV°=const or p+ = CONSt  Diverging

p duct 1 Normal shock wave

—energy. Wlth AZ = O, Aq =0 ‘{/Infinitesimally thin

I, control volume

|
|
|
i
V? | I |
h +7 — hO = const Suprrsomc I | SUESOI‘IIC
- ection (x | I : -
For an ideal gas, Sect “\i | Section (1
|
22 i
T 2c, ( p?/ R2) =To =CONSt__ooime as Fanno line
. : T P
—Tds relationship: s—-$ =C,/n——-Rén—
T Py

Q: The irreversibility in shock wave is not from friction or heat transfer.
What is it from?



000
Since shock wave flows have the same energy eq. for Fanno flows | 999
and same momentum eg. for Rayleigh flows, thus for a given pV, ® o
gas (R, k), and conditions at the inlet of the normal shock (T,, p,, S,) o
the conditions downstream of the shock (state y) will be on both a e o
Fanno line and a Rayleigh line that pass through the inlet state

(state Xx). | Mom., mass,

T

Po,x Po,y

Ty=

constant

- For Rayleigh line, Total energy,
mass, Tds egs.

By i*';l\'\;l'ag (11.140)
Py + a

- For Fanno line )
Py _Pyp and P _ 1 (k+1)/2 -
P, P P p° Mal1l+[(k-1)/2]Ma?

-1/2
_ 2
Py _Ma, [1+[(k 1)/ 2]Ma?

p, Ma, 1+[(k-1)/2]Ma7 |

(11.148) Total energy, mom.,
mass, Tds eqs.



Combining (11.140) and (11.148) 1T
o
p, [1+[k-Dn/2Ma2] Ma, 1+kMa se
NI X X _ X e
p, |1+[(k-1)/2]Ma; | Ma, 1+kMa; o o
MaZ +[2/(k -1
— Ma2 = _Max F12/(k ~1)] (11.149)

Y [2k/(k —D)]Ma? -1

. p, 1+kMa? 2k k-1
11.149) into (11.140) = —L = I P
( ) intof )= p, 1+kMa? k+1 * k+1 (11.150)

- For Fanno line, Eg. 11.101

B __ k2 T (kD)2

T 1+[(k-1)/2]Ma’ T" 1+[(k -1)/2]Ma?

T, T,T° 1+[(k-1)/2]Ma>

>t E =

T, T'T, 1+[(k-1)/2]Ma’ (11.144)

: T, [+[(k-1)/2]Ma;{[2k /(k -D)]Ma; -1}
(11.149) into (11.144) = - (K + 12 12(K —)[IMa2 (11.151)

X




000
Summary of Property Relations across Shock Wave| goe
If Ma, is known, property ratios across the shock can be known: o e
MaZ +[2/(k —1)] oo
May, = ——X 11.14
" [2k /(k -D]MaZ -1 ( 9)
P, 2Kk , k-1
= Ma, ——— 11.1
p, k+1 7 k+1 (11.150)
T, _ [1+[(k-1)/2]Maz{[2k /(k —1)]Ma’ -1}
T {(k+ D% [2(k — DM@’ (11.151)

Py, V., (k +1)Ma’

p Vv, (k-1)MaZ+2 (11.154)

k
0, [%Mai]k—l[l_F%Mai
Y
0 - ok K1 L (11.156)
L Mal T
K+1 K+1

Kk
]E




Ma,

Po, x
Figure D4 (p. 721)
Normal shock flow of an idea
gas with k = 1.4. (Graph
provided by Dr. Bruce A.

Reichert.)

Ma

1.0 2.0 3.0 4.0 5.0
1.0 40.0
0.8 J ja
! 0,x 1”_0\_
P 30.0
0.6
Py
P
20.0
0.4
10.0
0.2
e 5
— & — =
Py | Wy
i
- i
0.0 0.0
1.0 2.0 3.0 4.0 5.0



m TABLE 11.3

Summary of Normal Shock Wave Characteristics

Variable Change Across Normal Shock Wave
Mach number Decrease
Static pressure Increase
Stagnation pressure Decrease
Static temperature Increase
Stagnation temperature Constant
Density Increase
Velocity Decrease



o
o
Example 11.17 Stagnation pressure drop across a normal shock -

For Ma, T= Py ang Povy
px pO,x

pO,y 1
pO,x

0.5

Across a normal shock, adverse pressure gradient occurs which
can cause flow separation. Therefore, shock-boundary layer

Interactions are of great concern to designers of high speed flow
device.



000
Example 11.18 Supersonic flow pitot tube 0oo
[
Given: p,, =4114kPa, T, = 555K, p, =82kPa -4t
o’e
k
Py Poy P ) e
By — TOY TOX _ 2 — < Rayleigh Pitot tube formula
Py Pox P 2k 2 k-1 k-1
LT Mag T
K+1 kK+1 .,
_414kPa _ |
a 82kpa a Wall static pressure tap/ Shock
. Stagnation / e
Fig. D1—> Ma, =1.9 supersonic __ pathiine ' |
V, =Ma,c, = Ma,/kRT, " \ e
pressure probe
T
Tox =Toys ~=059=T =32/K
0,x
=V, =678 m/s

Note: Incompressible calculation for pitot tube would give the wrong result.



. . . . 000
Example 11.19 Normal shock in a converging-diverging duct o000
[ X N
p _ p 000
(a) — =? for normal shock at exit, (b) —=? for shock at x=0.3 m 2 S’
Po Po ree0
P
I
—
x=-0.5 x=0.5
X P“
1.0 0.98
i | 2.8 EZ : Subsonic
5 Supersonic 0:7 Subsonic 5 S ateonie
; B Subsonic 11Ty
Ma Ty 0.5
1.0 p 0.4 /.
Subsonic Subsonic EE : Supersonic
0.3
0.2 ;
-0.5-0.4 -0.1 0 0.2 0.4 0.5 0.1 Supersonic
o m i | 0.04
~0.5 -0.4 0.2 0 0.2 0.4 0.5

X, m



000
-shock at x=0.5m et
From Ex 11.8: Ma, =2.8 and -2 =0.04 at x=0.5m -
pO,x .‘
[ X
Fig. D4 —> Ma, = 2.8(at exit): Py g Poy 38 e °
S B P _gs004-036="Pu
pO,x px pO,X p01x _ .
Poy _0.38 _considerable energy loss
pO,x | = Ma,
-shock at x=0.3m . e
From Ex 11.8: Ma, =2.14, P~ —0.1
pO,x
Fig. D4 with Ma, =2.14 — across the shock
P _52 Ma, =056, 2 ~066 .
px pO,x r
(Conditions downstream the shock at x=0.3m) «5—

IVla
B FIGURE D.4 Normalshock flow of an ideal gas with k = 1.4. (Graph provided by
Professor Bruce A. Reichert of Kansas State University.)

Note: for isentropic A*=0.1 (a minimum)



Consider the isentropic decelerating flow downstream the shock

Also, Fig. D4 — i =1.24 (Here, A* Is used as dummy)

A*
A _01+(05)° |
A, 0.1+(0.3)*

842

A A A 041842 =228
A% A% A

Sae= 2 g5
2.28

A _ 2.28, Fig. D1 (isentropic) - Ma, = 0.26, P2 _0.95

A* Po.y
P _ P Poy _595.066=0.63

pO,x pO,y pO,X

po,y po,y

Note: =0.66, shockat x=0.3m >

pO,x pO,X

=0.36, shock at exit x =0.5m



Figure D1 (p. 718)

Isentropic flow of an ideal gas with
k =1.4. (Graph provided by Dr.
Bruce A. Reichert.)

||U
Po

p
Po

0.1 0.5 1.0 5.0 10.0
1.0 g 10.0
0.9 9.0
0.8 8.0
0.7 7.0
0.6 6.0

A

S —

At
0.5 5.0
0.4 4.0
0.3 3.0
0.2 2.0
0.1 1.0
0.0 0.0

0.1 05 1.0 5.0 10.0

Ma

—
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300
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220

T, K

180

140

100

Po, , = 101 kPa (abs)

0, x

. p.=4KkPa(abs)
Qérf 112 K

Shock at nozzle exit plane (x = 0.5 m)

0 80 1e0 240 320

J

(kg-K)

400 480

S—5,,

(a)

340

300

260

220

T, K

180

140

100

pO,xz
101 kPa (abs)/ p, = 64 kPa (abs)
Tooeak 0x=Toy=
T,=271K 288 K
&
§ ' p, = 52 kPa (abs)
=y |
y &7
S
<u
’
’
,’ p, = 10 kPa (abs)
—
|§ T.=150K

Shock within nozzle (x = 0.3 m)

160 240 320 400 480

Sy

(kg-K)




11.7 Two-Dimensional Compressible Flow

Supersonic
- Flow acceleration across a Mach wave

Expansion Mach wave

1! 1 -
" P2<P1
\/\ V. >V
I 4
1




- Supersonic flows decelerate across compression Mach wav

m

from M. Van Dyke,
An Album of Fluid
Motion

Compression Mach wave

P2 > P

227. Steady formation of an oblique
shock wave. A cylindrical concave surface
in a supersonic wind tunnel at Mach
number 1.96 produces a converging fan of
compression waves, which are made visible
by schlieren photography with the knife
edge parallel to the free stream. They focus
roughly as a centered compression, forming
da n‘.’(‘l\g \)h]‘lql]t‘ HhL?Lk wave lhﬂt turns rh{f
stream through 22.5 degrees. The surface
extends upstream as a flat plate at zero in-
cidence so that the weak shock wave from
the slightly blunt leading edge will not
.lt?_‘u_ ure Ihl.’ VIEW. TI'[L' .‘iLleri.'t' 15 r\JLxghcrncd
to make the boundary layer turbulent, so
that it will not separate. Johannesen 1952

Oblique shock wa\re\

'Y

Compression
Mach waves

Vo< Vy




(X X
Small wedge angle-attached shock from M. Van Dyke, An Album of Fluid Motios @ @ ®
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257. Attached bow wave on a 22.5° .
cone at M=1.96. Here the flow is super-
sonic everywhere between the bow shock
wave and the surface of the cone. Hence the
field is conical and the wave straight untl it
is intersected by the expansion wave from
the base of the cone. The schlieren knife
edge is horizontal, making the image anti
symmetric from top to bottom. Photograph
by A. W. Sharp, courtesy of N. Johannesen

258. Detached bow wave on a 60° cone
at M=196. At this h number in air the

bow shock wave cannot remain attached to

the vertex of a cone above a semi-vertex
angle of 40°, It detaches, forming an em

bedded subsonic zone extending back to the

cone surface. The two crinkled curves

downstream are the intersections of the

bow wave with the turb t bounc

ws. P

ers on the wind-tunnel v
by A. W. Sharp, courtesy



FIGURE 1246

A cone-cylinder of 12.5° half-angle

in a Mach number 1.84 flow. The
boundary layer becomes turbulent
shortly downstream of the nose,
generating Mach waves that are visible
in this shadowgraph. Expansion waves
are seen at the corners and at the
trailing edge of the cone.

Photo by A. C. Charters, as found in Van Dyke
( 1982,‘.

(from Cgel and Cimbala, Fluid Mechanics, 2006)

Figure 11.4 (p. 591)
The schlieren visualization of flow (supersonic to subsonic) through a row of
compressor airfoils. (Photograph provided by Dr. Hans Starken, Germany.)



3-D shock wave around a model space shuttle

from Gas Dynamics Lab, The Penn. State University, 2004
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